ABSTRACT. Let A be a finitely generated abelian group. We describe the automorphism group Aut(A) using the rank of A and its torsion part p-part A p .
Introduction
Certainly, automorphisms of any finite abelian group A are determined by automorphisms of its p-primary components for any prime p. Furthermore, the automorphism group Aut(A) of any finite abelian p-group A of type (k 1 , . . . , k n ) have been described in [5, up to some extension. Namely, a normal series of Aut(A) such that its quotient groups are completely determined in terms of well known groups has been constructed.
The purpose of this note is to complete those results and present (Theorem 1) simple necessary and sufficient conditions for an n × n-matrix over integers to be associated with an automorphism of A. Then, the automorphism group Aut(A) is analyzed for finite p-group A of type (k 1 , k 2 ). We point out that automorphisms of split metacyclic groups have been fully described in [4] .
At the end, given a finitely generated abelian group A, the group Aut(A) is determined by means of automorphisms of its free and torsion parts.
Main result
Let A be a finite multiplicative abelian group and A = p A p its primary decomposition. Given an endomorphism ϕ : A → A, we get ϕ(A p ) ⊆ A p for any prime p. Henceforth, unless explicitly stated otherwise, in the rest of the paper we assume that A is a finite abelian p-group for some prime p. Write e for its unit element, o(a) for the order of a ∈ A and let
We start with the following useful lemma: 
Fix an isomorphism
. . , n, where Z/k denotes the cyclic group of order k. We also write Z/k for the ring of integers (mod k) and (Z/k) for its group of invertible elements.
Given an endomorphism ϕ : A → A we get (up to the isomorphism above)
Observe that the relation a
Let now
where M s is a square t s × t s -matrix over integers for s = 1, . . . , m. Note that
where a "bar" signifies that entries are considered (mod p) for s = 1, . . . , m. The discussion above and Lemma 1 lead to the following result.
Ì ÓÖ Ñ 2º
Let A be a finite abelian p-group.
integers represents an endomorphism of A if and only if
) with some positive integers 1 ≤ 
We apply the above to the group
, where E 2 is the unit 2 × 2-matrix and M 2 (p m ) the ring of all 2 × 2-matrices over Z/m. Furthermore, by [2, Chapter 7] , the group GL 2 (p) has the presentation
where α is a cyclic generator of the group (Z/p) . For m < n, we derive: (1) an endomorphism of A if and only if:
Note that elements of a matrix associated to an endomorphism of the group A ∼ = Z/p m × Z/p n are in different rings. Nevertheless, the product of two such matrices is well defined as result of the congruence j ≡ 0 (mod p n−m ). The composition of two endomorphisms of the group A ∼ = Z/p m × Z/p n is sent to the product of associated matrices.
Furthermore, for an odd prime p or t ≤ 2 by means of [8, Chapter IV] in N , we obtain
Let now move to p = 2. Then, again by [8, Chapter IV], we get (Z/2 and N ∼ = Z/2 × Z/2 provided m ≥ 3. However, N ∼ = Z/2 for m = 2 and N = E for m = 1 and n = 2. Now, we aim to describe the structure of the subgroup S p Aut(A). Let ) is sent into
Therefore, we can summarize the discussion above as follows:
m ⊕Z/p n with m < n then there is an isomorphism: 
n which sends an element to its inverse.
To get the next conclusion, we recall that for an extension e → G 1 → G → G 2 → e of groups, W e l l s [7] and then B u c k l e y [1] construct an exact sequence with the group Aut(G, G 1 ) of automorphisms G which map G 1 into itself. We have interpreted in [3] that result for semi-direct products of two groups as follows. 
